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^ ^ , Abstract 

■ In this article, we classify the characters associated to algebraic points on 

(-^ . Shimura curves of ro(p)-type, and over a quadratic field we show that there 

\ are at most elliptic points on such a Shimura curve for every sufficiently large 

prime number p. This is an analogue of the study of rational points or points 
over a quadratic field on the modular curve Xq (p) by Mazur and one of the 
author (Momose). We also apply the result to a finiteness conjecture on abelian 
varieties with constrained prime power torsion by Rasmussen-Tamagawa. 
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1 Introduction 



A Shimura curve can be considered to be an analogue of a modular curve. In this 
context we study points on Shimura curves, and show that there are few points 
over quadratic fields on Shimura curves of "ro(p)-type" just as in the case of the 
modular curve Xq{p) defined below. We also get an irreducibility result of the mod 
p Galois representations associated to abelian surfaces with quaternionic multipli- 
cation, which we apply to a finiteness conjecture on abelian varieties. 

For an integer > 1, let Xo{N) be the smooth compactification of the coarse 
moduli scheme over Q parameterizing isomorphism classes of pairs {E, C) where E 
is an elliptic curve and C is a cyclic subgroup of E of order A^. We know that Xo(A^) 
is a proper smooth curve over Q (cf. [3, Theoreme 3.4, p. 212]) and that A'o(l) is 
isomorphic to the projective line Pq (cf. [71 Theoreme 1.1, p.267]). When A^ is a 
prime number p, Mazur and one of the authors studied points on the modular curve 
Xoip). 

Theorem 1.1. (1) fUX Theorem 7.1. p. 153] For a prime number p , we have Xq{p){Q) = 
{cusps} if and only if p ^ {2,3,5,7,11,13,17,19,37,43,67,163}. 

(2) fi2[ Theorem B, p. 330] Let k be a quadratic field which is not an imaginary 
quadratic field of class number one. Then there is a finite set & {k) of prime numbers 
depending on k such that XQ{p){k) = {cusps} holds for every prime number p ^ 
G{k). 

Notice that all the imaginary quadratic fields of class number one are Q(-\/— 1), 
Q(x/^), Q(x/^), Q{V^), Q(\/^), Q(v^), Q(v^), Q(v^) and Q{V^T63) 
by P p.205] or [231 Theorem, p.2]. In Theorem O (2), the finite set &{k) is effec- 
tively estimated except at most one prime number. If such a prime exists, it is 
concerned with a Siegel zero of the L-functions of quadratic characters (cf. Theorem 
15. 9p . For related topics about modular curves, see [2]. 

We have an analogue of Theorem 11.11 for Shimura curves, as explained below. 
Let B be an indefinite quaternion division algebra over Q. Let 

d := disc B 

be the discriminant of B. Then d is the product of an even number of distinct prime 
numbers, and d > 1. Fix a maximal order O of B. For each prime number p not 
dividing d, fix an isomorphism 

(1.1) C®zZp = M2(Zp) 

of Zp-algebras. 

Definition 1.2. (cf. [5^ p. 591]) Let S* be a scheme. A QM-abelian surface by O over 
5* is a pair {A, i) where A is an abelian surface over S (i.e. A is an abelian scheme over 
S of relative dimension 2), and i : O ^ End5(y4) is an injective ring homomorphism 
(sending 1 to id). We consider that A has a left (9-action. We sometimes omit "by 
O" and simply write "a QM-abelian surface" . 



Let M be the coarse moduli scheme over Q parameterizing isomorphism classes 
of QM-abelian surfaces by O. The notation is permissible although we should 
write M'^ instead of M^] for even if we replace O by another maximal order 0\ we 
have a natural isomorphism = since O and O' are conjugate in B. Then 
is a proper smooth curve over Q, called a Shimura curve. For a prime number 
p not dividing d, let M^{p) be the coarse moduli scheme over Q parameterizing 
isomorphism classes of triples {A, i, V) where {A, i) is a QM-abelian surface by O 
and \^ is a left (9-submodule of A[p\ with Fp-dimension 2. Here A\p\ is the kernel of 
multiplication by p in A. Then M^{p) is a proper smooth curve over Q, which we 
call a Shimura curve of ro(p)-type. We have a natural map 

TT^ip) : Mo^(p) -> 

over Q defined by {A,i,V) i — )■ (Aj^). Note that (resp. M|f (p)) is an analogue 
of the modular curve Xo(l) (resp. Xq{p)). 

We study points on M(f (p), and over a quadratic field (considered as a subfield 
of C) we show that there are at most elliptic points of order 2 or 3 on it for every 
sufficiently large prime number p. The following is the main result of this article. 

Theorem 1.3. Let k be a quadratic field which is not an imaginary quadratic field 
of class number one. Then there is a finite setAf{k) of prime numbers depending on 
k satisfying the following. 

(1) If B k = M2(A;), then MQ{p){k) = holds for every prime number 
p Af{k) not dividing d. 

(2) IfB^Qk^ Ma (A;), then M^{p){k) C {elliptic points of order 2 or 3} holds 
for every prime number p ^ M{k) not dividing d. 

Remark 1.4. The set N'{k) in Theorem 11.31 is effectively estimated except at most 
one prime number (cf. Theorem 15.91) . 

We know M-^(M) = by [211 Theorem 0, p. 136]. Since there is a map tt^{p) '■ 
(p) — ^ o'^^^ have M(f (p)(]R) = 0. So if k has a real place, then we 

have already known M(f (p)(/c) = before Theorem 11.31 

In Section we discuss the Galois representations associated to QM-abelian 
surfaces. In Section |31 we discuss the endomorphism rings and the automorphism 
groups of QM-abelian surfaces. In Section HI we study the fields of definition of the 
pairs (resp. the triples) corresponding to algebraic points on (resp. M^{p)). In 
Section [5] and Section [6l we classify the characters associated to algebraic points on 
Mq{p) by slightly modifying the method in [12], and show Theorem 1 1.31 In Section[71 
we give examples of points over imaginary quadratic fields on the Shimura curves 
of genus zero. In Section [HI we study the images of the mod p Galois representations 
associated to QM-abelian surfaces over imaginary quadratic fields. In Section [9l we 
apply the result on the Galois images in Section [8] to a finiteness conjecture on 
abelian varieties in [16]. 

The first author (Aral) is very sorry for the loss of the coauthor (Momose) during 
this work. This article shall be dedicated to Fumiyuki Momose. 
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The first author would like to thank Yuichiro Taguchi for suggesting an applica- 
tion to a finiteness conjecture on abelian varieties. He would like to thank also Akio 
Tamagawa for helpful comments. 

Notation 

For an integer n > 1 and a commutative group (or a commutative group scheme) 
G, let G[n] denote the kernel of multiplication by n in G. For a field F, let charF 
denote the characteristic of F, let F denote an algebraic closure of F, let F^'^p (resp. 
F'^^) denote the separable closure (resp. the maximal abelian extension) of F inside 
F, and let = Ga^F^^^P/F), G^^ = Ga^F'^^/F). For a number field k, let hk 
denote the class number of k; fix an inclusion /c C and take the algebraic closure 
k inside C; let k^ denote the completion of A; at f where w is a place (or a prime) of 
k; let /ca denote the adele ring of k; and let Ram(fc) denote the set of prime numbers 
which are ramified in k. For a number field or a local field k, let Ok denote the ring 
of integers of k. For a scheme S and an abelian scheme A over S, let Ends (A) denote 
the ring of endomorphisms of A defined over S". If S" = Spec(F) for a field F and if 
F'/F is a field extension, simply put Endp'iA) := Endspec(F')(^ Xspec(F) Spec(F')) 
and End(y4) := End-p(A). Let Aut(A) := Autpv(A) be the group of automorphisms 
of A defined over F. For a prime number p and an abelian variety A over a field F, 
let TpA := limA[p"](F) be the p-adic Tate module of A, where the inverse limit is 

taken with respect to multiplication by p : yl[p"+^](F) — y A[p"']{F). 



2 Galois representations associated to QM-abelian 
surfaces (generalities) 

We consider the Galois representation associated to a QM-abelian surface. Take a 
prime number p not dividing d. Let F be a field with char F ^ p. Let {A, i) be a 
QM-abelian surface by O over F. We have isomorphisms of Zp-modules: 

Zj = TpA = 0®^Zp = M2(Zp). 

The middle is also an isomorphism of left O-modules; the last is also an isomorphism 
of Zp-algebras (which is fixed in (11.11) ). We sometimes identify these Zp-modules. 
Take a Zp-basis 

1 0\ /O 0\ /O 1\ /O 



>^0 Oj' ^1 oj' lo Oj' VO 1 
of M2(Zp). Then the image of the natural map 

M2(Zp) ^ C ®2 ^ End(TpA) ^ M4(Zp) 



lies in 



X 
X 



X G M2(Zp) >. The action of the Galois group Gp on TpA in- 



duces a representation 

p : Gf Auto^.z^ (TpA) C Aut(TpA) ^ GL4(Zp), 



A 



where Autoi^^ZpiTpA) is the group of automorphisms of TpA commuting with the 
action of O ®z l^p. We often identify A.ut{TpA) — GL4(Zp). The above observation 
imphes 



Aut 



1 



where 72 = ( q Note that Auto^^Zp {T^A) is contained in the general symplectic 



group GSp4(Zp) = {y e GL4(Zp) | ^YJYJ'^ e Z^74}, where J 



and 



h 



Then the Galois representation p factors as 



Let 



s t 



U V 



s t 



U V 



e GL2(Zp) \ C GL4(Zp). 



e GL2(Fp) ) C GL4(Fp) 



be the reduction of p modulo p. Let 
(2.1) -p^^^ : G,. GUi^p) 

denote the Galois representation induced from p by " f ^ ^ ) " , so that we have 



s t 



if -p{a) 



' \ -U vl " ' \ul2 VI2 



sh th 



for a E Gp- 



Suppose that A\p]{F^^^) has a left O-submodule V with Fp-dimension 2 which is 

I /* 

stable under the action of Gp- We may assume V — Fpei©Fpe2 



V is stable under the action of Gp, we find PA^piGp) Q 



s t 
V 



„ , , . Since 

* , 

C GL2(Fp). Let 



(2.2) 



A : G, 



F' 



denote the character induced from by "s", so that p^p(o" 



A(a) 




for 



a G Gj7. Note that Gp acts on V by A (i.e. p[a){v) = X{a)v for a E Gp, v E V). 

Remark 2.1. The Galois representation as above looks like that of an elliptic 
curve over F having an F-rational isogeny of degree p. 



3 Endomorphism rings and automorphism groups 

We recall the notion of CM (complex multiplication) on an abehan variety. Let F 
be a field, and let A be an abelian variety over F. The abelian variety A is said to 



have CM (over F) if End (A) Q contains a product R of number fields satisfying 
diniQ R = 2 dim A. 

Consider the case where charF = 0. li A/ F is F-simple and has CM by R as 
above, then End(A)®Q ^ /2 (pj Chapter IV, Section 21, Table, p.202]). If iA,i)/F 
is a QM-abelian surface, then either A has CM or A is F-simple. If (A,i)/F is a 
QM-abelian surface with CM, then A is F-isogenous to E x E where E is an elliptic 
curve over F with CM. 

Next we consider the automorphism group of a QM-abelian surface. Let {A, i) 
be a QM-abelian surface by O over a field F. Put 

Endo(A) := {/ G End(A) | fz{g) = i{g)f for any g e O} 

and 

Auto(A) := Aut(v4) n Endc)(v4). 

Assume charF = 0. If A has no CM, then Endir(A) = End(A) = C (loc. cit.), 
Endo(A) = Z and Auto(A) = {±1} = Z/2Z. If A has CM, then End(A) ® Q = 
M2(/C) for an imaginary quadratic field /C. In this case Endc)(A) is an order of the 

imaginary quadratic field i ( ^ ^ ) ^ M2(/C) 



a G /C L Then Auto(A) = Z/2Z, 



xO a 
Z/4Z or Z/6Z. 

Let p be a prime number not dividing d. Let (A, i, be a triple where (A, i) is 
a QM-abelian surface by O over a field F and is a left C-submodule of 
with Fp-dimension 2. Define a subgroup Auto (A, ^) of Auto (A) by 

Auto(A, V) := {/ G Auto(A) I fiV) = V}. 

Assume charF = 0. Then knto{A,V) = Z/2Z, Z/4Z or Z/6Z. Notice that we 
have Auto(A) = Z/2Z (resp. Auto{A, V) ^ Z/2Z) if and only if Auto(A) = {±1} 
(resp. Auto(^, 1^) = {±1})- Notice also that if A has no CM, then Auto(^) = 
AntoiA,V) = {±1}. 

We express the sets M^{C) and Mq{p){C) of C- valued points as quotients of 
the upper half-plane. Let O' be the order of B satisfying O' ^ O and 



0'^z^p= < \^ ^ ] e M2(Zp) = 0(8)zZp 



U V 



u G pZp 



Consider the groups 
and 



r := {x G C I Nrd(x) = 1} 



r' := {xeO' \ Nrd(x) = 1}, 

where Nrd is the reduced norm. Then F and V are considered to be subgroups of 
SL2(M) via SL2(M) C GL2(M) = (5 ®q M)^. We have isomorphisms of Riemann 
surfaces 

M^(C) ^ r\e 



and 

M(f(p)(C) = r'\H, 

where EI is the upper half-plane (cf. |4l 4.3, p. 669]). A point of M(f (p)(C) is an 
elliptic point of order 2 (resp. 3) if and only if the corresponding triple {A, i, V) over 
C satisfies AutoiA,V) ^ Z/4Z (resp. Auto(A,1/) = Z/6Z) (cf. |^ 1.2, p.9]). Let 
z/2(p) (resp. i^sip)) be the number of elliptic points of order 2 (resp. 3) of Mq{p){C). 
Then we have 




where I is a prime divisor of d and 

1 mod 4, 

— 1 mod 4, 
2, 

1 mod 3, 

— 1 mod 3, 
3 

for a prime number q ([191 Theorem 3.12, p. 111]). So the isomorphism Autc>(y4, V) = 
Z/4Z (resp. Anto{A, V) = Z/6Z) is possible only when p ^ —1 mod 4 and all the 
prime divisors of d are congruent to 2 or —1 modulo 4 (resp. p ^ —1 mod 3 and all 
the prime divisors of d are congruent to or —1 modulo 3). 

4 Fields of definition 

Let k he a number field (considered as a subfield of C). Let p be a prime number 
not dividing d. Take a point 

X e M^{p){k). 

Let x' G M^{k) be the image of x by the map tt^{p) : Mq{p) — > M^. Then x' 
is represented by a QM-abelian surface (say {Ax,ix)) over fc, and a; is represented 
by a triple {Ax,ix, Vx) where is a left (9-submodule of y4[p](fc) with Fp-dimension 
2. For a finite extension M of k (in k), we say that we can take {Ax,ix) (resp. 
{Ax,ix,Vx)) to be defined over M if there is a QM-abelian surface {A,i) over M 
such that (y4, i) <^m k is isomorphic to {Ax, ix) (resp. if there is a QM-abelian surface 
(A, i) over M and a left (9-submodule V of A[p](/c) with Fp-dimension 2 stable under 
the action of Gm such that there is an isomorphism between (A, i) ®m k and {Ax-, ix) 
under which V corresponds to Vx)- Put 

Aut(a:) := Auto(A^, K), Aut(x') := Auto(A^). 



if g 
if q 
if g 

if g 
if q 
if g 



Then Aut(x) is a subgroup of Aut(x'). The point x is called a CM point if has 
CM. Note that if Aut(x') = Z/4Z or Z/6Z, then x is a CM point. In particular, if 
X is an elliptic point of order 2 or 3, then a; is a CM point. 

Since a; is a /c-rational point, we have ^x = x for any a E Gk- Then, for any 
cr e Gfe, there is an isomorphism 

which we fix once for all. Let 

0cr • "{Ax,ix) ^ {Ax,ix) 
be the isomorphism induced from 0o- by forgetting Vx- For a,T E G^, put 

Cxicr, t) := 0a o "(pr o (p'^l e Aut(x) 

and 

4(a,r) :=0;oV.o(0;j-^GAut(x'). 

Then Cx (resp. c^) is a 2-cocycle and defines a cohomology class [cx] G H^{Gk, Aut(x)) 
(resp. [c^] e if^(Gfc, Aut(x')). Here the action of on Aut(x) (resp. Aut(a:')) is de- 
fined as follows. 

Let / : Ax — )■ Ax be an isomorphism in Aut(x) (resp. Aut(x')). For an element 
cr e Gfc, let " f : '^Ax — > "Ax be the isomorphism induced from /. We define (t(/) 
by the commutative diagram 

a f 

a A ■' \ o- 4 



Ax ^ Ax . 

Then we get an action of Gk on the abelian group Aut(a:;) (resp. Aut(x')) by 
Gfc — > Aut(Aut(x)) : a ^ (/ ^ a{f)) 

(resp. Gfc Aut(Aut(x')) : a ^ (/ ^ a(/))). 

Note that the action of G^ on Aut(x) (resp. Aut(x')) is trivial if Aut(x) = {±1} 
(resp. Aut(x') = {±1}). For a cohomology class [c] G H'^{Gk, *) and a finite extension 
M of A; (resp. a place v of k), let [c]m G H'^{Gm, *) be the restriction of [c] to Gm 
(resp. [c]„ G H^{Gk^, *) be the restriction of [c] to G^^). Let Br^ be the Brauer group 
of k. We want a small extension of k over which {Ax,ix,Vx) (or (yla.,^^,)) can be 
defined. 

Proposition 4.1 ([HI Theorem (1.1), p. 93]). We can take {Ax,ix) to be defined over 
k if and only if B ®q k = M2(/c). 

Proposition 4.2. (1) Suppose B ®q k = M2(/i;). Further assume Aut(a;) ^ {±1} 
or Aut(a;') ^ Z/4Z. Then we can take {Axiixi K.0 to he defined over k. 

(2) Assume Aut(a;) = {±1}. Then there is a quadratic extension K of k such 
that we can take {Ax,ix, Vx) to be defined over K. 



Proof. Let M be a finite extension of k. Tlien we can take {A^, ix, Vx) (resp. {Ax, ix)) 
to be defined over M if and only if [cx]m = in H^{Gm, Aut(x)) (resp. [c'^]m = in 
H^{GM,Aut{x'))) (cf. P Main Tfieorem, p.304 and Final Note, p.336]). 

(1) In this case we have [c^ = in if^(Gfc, Aut(x')) by Proposition 14.11 Let 
$ : if^(Gfc, Aut(x)) — > if^(Gfc, Aut(x')) be the map induced from the inclusion 
Aut(x) C Aut(a:;'). If Aut(a;) ^ {±1}, then Aut(a:;) = Aut(x') and the map $ is the 
identity map (so $ is injective in particular). Therefore [cx] = 0. If Aut(a;') ^ Z/4Z, 
then Aut(a;) is a direct factor of Aut(a;') as a Gfc-module. Therefore $ is injective, 
and so [cx] = 0. 

(2) In this case the action of G^ on Aut(a;) = {±1} is trivial, and so G^ acts on 
Aut(x) via the mod 2 cyclotomic character. Then we have a natural isomorphism 
H'^{Gk, Aut{x)) = Brfc[2]. Let D be the quaternion algebra over k corresponding to 
[cx]- We know that there is a quadratic extension K of k such that D®kK = y[2{K) 
(see the proof of Lemma below for a detailed explanation). For such an extension 
K, we have [cx]k = in if^(Gii-, Aut(a:)). 

□ 

Lemma 4.3. Let K he a quadratic extension of k. Assume Aut(a;) = {±1}. Then 
the following two conditions are equivalent. 

(1) We can take {Ax,ix,Vx) to be defined over K. 

(2) For any place v of k satisfying [cx\v 7^ 0, the tensor product K ®fc k^ is a 
field. 

Proof. The condition (1) holds if and only if [cx]k = in iJ^(Gx, Aut(a;)). Let D 
be the quaternion algebra over k corresponding to [cx\. We have [cx]k = if and 
only if D ®fc Kyj = M2{Kw) for any place w of K. The last condition is equivalent 
to the following: for any place v of k where D ramifies, the tensor product K ®fc k^ 
is a field. 

□ 

Remark 4.4. We can explicitly construct a quadratic extension K of k in Lemma 
14.31 (2) as explained below. First notice that k has no real places owing to the 
assumption M,f (p)(A;) 7^ 0. So, for any infinite place v of k, we have [cx]v = 0. Let 
pi, ■ • ■ ,pm, cji, ■ ■ ■ , qn be distinct primes of k. For simplicity, assume that 2 is not 
divisible by any p,; this is enough for later use. By the Chinese Remainder Theorem, 
we can choose an element t & Ok satisfying the following two conditions. 

(i) t mod pi is not a square in Ok /pi for any i. 

(ii) t mod q| is a non-zero element in q^/q^ for any j. 

If we put K = k{\/i), then each p, (resp. qj) is inert (resp. ramified) in K/k. 

5 Classification of characters (I) 

We keep the notation in SectionHl Throughout this section, assume Aut(x) = {±1}. 
Let i^' be a quadratic extension of k which satisfies the equivalent conditions in 
Lemma 1^731 Then x is represented by a triple {A, i, V), where {A, i) is a QM-abelian 



n 



surface over K and V is & left (9-submodule of with Fp-dimension 2 stable 

under the action of Gk- Let 

A : Ga' ^ F; 

be the character associated to V in (2.2). For a prime I of k (resp. K), let /[ denote 
the inertia subgroup of (resp. Gk) at I. 

Lemma 5.1. The character X^'^ is unramified at every prime of K not dividing p. 

Proof. Let [ be a prime of K with residual characteristic /. If 7^ 6 or / > 5, then 
A ®K K^^"^ has good reduction after a cyclic extension M/K^™' of degree 1,2,3,4 
or 6, where K"^^^ is the maximal unramified extension oi Ki ([9l Proposition 3.4 (1), 
p. 101]). Suppose d = Q and / < 3. Then A®k -ft'""'' has good reduction after a finite 
Galois extension M/K^'''' such that every element of Gal{M/K^™') (^ h/Gu) is of 
order 1,2,3,4 or 6 (loc. cit.). If I does not divide p, then the action of Gm (which 
is a subgroup of /() on the Tate module T^A is trivial, and so A|g„ = 1- For any 
o" G /[, we have G Gm and A^^(cr) = A(cr^^) = 1. Therefore A^^ is unramified at I. 

□ 

Let A^^ : Gf — ^ F^ be the natural map induced from A. Put 
(5.1) ^ := A-^ o tvK/k : Gk G^^ ^ F;, 

where tr^/fc : Gk — >■ G^ is the transfer map. Notice that the induced map tr^^^ : 
G^*^ — ^ from tr K/k corresponds to the natural inclusion "—^ via class 
field theory Theorem 8 in §9 of Chapter XIII, p.276]). 

Corollary 5.2. The character ip^"^ is unramified at every prime of k not dividing p. 

Proof. Let q be a prime of k not dividing p. The restriction f^'^li^ can be expressed 
by class field theory in the following form: 

where qx is a prime of K above q, the left map is the diagonal map (where we 
consider O^^ to be a subgroup of each K^^) and the right map is induced from A^^. 

By Lemma [5.11 the right map is trivial on Y\ C^a, • Therefore v^^^l/^ is trivial. 

□ 

Lemma 5.3. The character ip'^ (and so if^"^) does not depend on the choice of a 
quadratic extension K of k which satisfies the equivalent conditions in Lemma \4.3[ 

Proof. Let Ki,K2 be distinct quadratic extensions of k, and assume that x is rep- 
resented by a triple {Aj,ij,Vj) defined over Kj for j = 1,2. Then we have two 
characters Ai : G^i — > , ^2 '■ G^a — > as in (2.2). In the same way as (5.1), 
put ifj := Xf otiK./k for J = 1,2. Put M := K1K2. Then {Ai,ii,Vi) (g)K, M and 
(y42,«2, V2) M are isomorphic over k. Since each element of if^(GM, Aut(x)) = 



1 n 



Hom(GA/, {±1}) is trivialized by a quadratic extension of M, there is a quadratic 
extension N of M such that {Ai,ii, Vi) M and 12, V2) ®k2 ^ isomorphic 
over N (cf. [22l Theorem 2.2 in §2 of Chapter X, p.318]). Hence \i\g^ = A2|G^^• We 
have the following commutative diagram for j = 1, 2 via class field theory: 



4 



r A 



C 



id 



^^A ^ -'^JA ^ -^p' 



where the middle vertical map is x (-)■ x^. Then ip'j = (Aj |Giv)^^° (tfiv/fc '■ Gk — >■ G^) 
for j = 1,2, where (AjIgat)'^'^ : — )■ F^ is the natural map induced from the 
restriction Ajlciv- Therefore Lp\ = {p\. 

□ 

Let 9p denote the mod p cyclotomic character. By Lemma 15.11 (resp. Corollary 
15. 2p . A^^ (resp. ip^"^) corresponds to a character of the ideal group '^k{p) (resp. 3ffc(p)) 
consisting of fractional ideals of K (resp. k) prime to p. By abuse of notation, let 
denote also by A^^ (resp. ip^"^) the corresponding character of '^Kip) (resp. 3fc(p)). 

Lemma 5.4. (1) Let V he a prime of K lying over p. Assume p> 5 and that V is 
unramified in K/Q. Then A^^|/p = 9p for an element b G {0, 4, 6, 8, 12}. Further we 
can take b G {0, 6, 12} (resp. b G {0, 4, 8, 12} ) if p ^ 2 mod 3 (resp. p ^ 3 mod 4). 

(2) Assume that k is Galois over Q. Suppose p > 5 and that p is unramified in 
k. Take a prime p of k lying over p. Then there exists an element 

£= J2 cia<y e Z[Gal(A;/Q)] 

creGal{fc/(Q) 

with a„ G {0, 8, 12, 16, 24} satisfying the following three conditions, 
(i) (f^'^laOk) ^ mod p for each element a ^ k^ prime to p. 
(a) For a, a' G Gal(/c/Q), we have = a^' if p'^ = p''' . 

(Hi) If p ^ 2 mod 3 (resp. p ^ 3 mod 4^, then a^r G {0,12,24} (resp. a^r G 
{0,8, 16, 24}; /or any a G Gal 



Proof. (1) The abelian surface A ® K-p has good reduction over a totally ramified 
extension M/K-p of degree cm = 1,2,3,4 or 6 since p > 5 (P Proposition 3.4 
(1), p. 101]). We may take cm = 4 or 6. Since V is unramified in K/Q, we have 
Miv ~ some c G Zi ([18], Proposition 5, p. 266 and Proposition 8, p. 269]). Then 

Mim — ^m"' where Im is the inertia subgroup of Gm and 9m is the fundamental 
character of level 1 of M in the sense of [TS], p. 267]. For two integers x,y with 
1/ > 0, let {x)y be the unique integer satisfying {x)y = x mod y and < {x)y < y 
(cf. [ni p.l50]). We show < (ceA/)p-i < cm- By [17, Corollaire 3.4.4, p.270], we 
have A|/^^ = 9'}^^ for < a < cm- This combined with A|/^^ = 9^^^'''^'^ implies that 
(ceAf)p-i — a is divisible by p — 1. If cm > P — 1, then < (ceM)p-i < P — 1 < ^m- 
If Cm < P — 1, then —{p — 1) < —cm < (ceAf)p-i — a < p — 1, and so (ceA/)p-i = a. 
Therefore < (ceA/)p-i < ca/- 



We claim \^\^ = 6^ for an element h G {0, 4, 6, 8, 12}. 

First assume cm = 4. Since p — 1 is even, we have (ceM)p-i = (4c)p_i = 0,2 
or 4. If (4c)p_i = or 4, then A^^]^^ = ^q^c-^s ^ ^ ^i2_ jf (^4c)p.i = 2, then 
X^'^lij, = {OpY = 9p. In this case, since p — 1 divides 4c — 2, we have p = 3 mod 4. 

Next assume cm = 6. Since p — 1 is even, we have (ceAf)p-i = (6c)p_i = 0,2,4 
or 6. If (6c)p_i = or 6, then A^^]^^ = (^g^cy ^ i qV2_ jf (6c)p_i = 2 or 4, then 



A^^|/p = = Ot, or 6'^. In this case, since p —1 divides 6c — 2 or 6c — 4, we have 



\iv = y^p~r = ^p ^p- 

p = 2 mod 3. 

(2) By replacing K if necessary, we may assume that every prime of k above p is 
inert in K/k (see the condition (2) in Lemma [4.3p . Let p' be a prime of k above p, 
and let V be the prime of K above p'. Then the restriction <f^'^\i^, has the following 
form via class field theory: 



k , ^K-p p ' 



where the left map is the natural inclusion and the right map is Norm^^^^j mod p 
with6p/ G {0,4,6,8,12}asin(l).Then¥?i2|^^^(a,) = Norm^p/Q^(x)^V = (Normfc^,/Q^o 

Normft-p/fc^, = Normfc^,/Qp(x)~^^i'' mod p for any x G C^,- Hence V^^^l/^, = 

9^''' . For each element a E k^ prime to p, we have 

^^\aOk) = <^''(1, ■ ■ ■ , 1, a, a, ■ ■ ■ ) = ■ ■ ■ , 1, 1, ■ ■ ■ ) 

= = nNormfc^VQ,(«)2V modp ^ J] H ^o 

p'b p'b Dp-o-G(Dp\Gal(fc/Q)) reDp-cr 

by class field theory again. Here (1, ■ ■ ■ , 1, a, a, ■ ■ ■ ) (resp. ■ ■ ■ , a"^, 1, 1, ■ ■ ■ )) 

is the element of k^ whose components above p are 1 and the others a (resp. whose 
components above p are and the others 1), and Dp is the decomposition group 
of Gal(A;/Q) at p. 

□ 

For a prime number g, put 

TTZiq) := { /3 G C I + a/3 + g = for some integer a G Z with \a\ < 2^ } . 

Notice that \a\ < 2^ implies \a\ < 2y/q since 2y/q is not a rational number. Notice 
also that for any /3 G J^7l{q), we have /3 ^ M and = ^/q. Recall that hk is the 
class number of k. 

Lemma 5.5. Under the situation in Lemma 5.4\ (2), take a prime number q different 
from p. Assume that q splits completely in k, and take a prime (] of k lying over q. 
Let a G Cfc \ {0} be an element such that q^*" = aOk- If a'^ = (3'^^^^ for an element 
(3 G J^lZ{q), then e is of one of the following types. 
Type 2: e = 12a and p = 3 mod 4. 

<TGGal{fc/Q) 

Type 3: k contains Q(/3), and e = 24cr or 24cr. 

o-eGal(fe/Q(;S)) cr^Gall 



Proof. Put L := Q(/3). Then L is an imaginary quadratic field. We have the inclusion 
of fields Q C Q{a^) C L. Since [L : Q] = 2, we have the following two cases: (i) 
a' e Q, (ii) Q(a") = L. 

In case (i), we have = ig^^'*'-', because la"^] = 1/3^*^'^'= | = g^^'*'-' and G Q. 
As q^'^^'^Ok = a^Ok = q^''^, we have q"^ = q^^Ok- Since q splits completely in k and 
Q^k = riaeGaUfc/Q) we get £ = EaeGai(fc/Q) 12fT. In this case we have p = 3 mod 4 
by the condition (iii) in Lemma [5.41 (2). 

In case (ii), we have k ^ Q{<y^) = L. Consider the ideal a^O^ = q'*''^ = 
ricrgGaUfc/Q) c^^^'^"'^ . This is Gal(fc/L)-invariant since G L. So, for any r G Gal(fc/L), 
we have n,eGai(fc/Q) q^'"^" = n.eGaUfc/Q) q'^'="-"". Since q'^ ^ q'^' for a ^ a', we have 

e = ao" + 6(7 

(TeGal{fc/L) (70Gal(fe/L) 

where a, 6 G {0,8, 12, 16,24}. By the assumption we have (3'^'^^''Ok = a'^Ok = q'^*'^, 
and so 

(3^'Ok=q'= n n i'''- 

o-eGal(A:/L) (T0Gal(fc/L) 

Taking the intersection with Ol, we have = 92 where qL,(l'L the two 

distinct primes of L above q with = q H By taking the absolute norms, 
we see g^^ = q°'~^^ and so a + 6 = 24. Applying prime ideal decomposition to 
qlq'^' = {f30Lf\ we get (a, h) = (24, 0) or (0, 24). Therefore e = E.6Gai(fc/L) 24a or 
Z](70Gai(fc/L) 24cr. 



□ 

Let M. be the set of prime numbers g such that g splits completely in A; and g 
does not divide Qhk. Let A/" be the set of primes q of /c such that q divides some 
prime number q E M.. Let be the ideal group of k, and let be the subgroup 
of Jfc consisting of principal ideals. Take a finite subset 7^ 5 C A/" such that 5 
generates the ideal class group Clk = Jk/^^k- For each prime q G 5, fix an element 
a^eOk\ {0} satisfying q^" = a^Ok- 

For q G iS, put N(q) = tl(Cfc/q). Then N(q) is a prime number. Define the sets 
Mi{k) := 



qeS, eo= a„a with a„ G {0, 8, 12, 16, 24}, /^^ G J^7^(N(q)) 



jGGa: 



(q,£^o,/3q 



M2{k) := { Norm,(;3,)/Q(«^» - Z^^'^) e Z | (q,£o, /3q) e M.^k) ] \ {0}, 
N'olk) := {I : prime number | / divides some integer m G Ai2{k) }, 
T(A;) :={/': prime number | /' is divisible by some prime q' G iS } U {2, 3}, 
Al(A;) := N'oik) U T{k) U Ram(A;). 

Notice that all of Mi{k), M2{k), N'oik), T{k), Mi{k) are finite. 

Theorem 5.6. Assume that k is Galois over Q. If p ^ N'i{k) (and if p does not 
divide d), then the character ip : Gk — > is of one of the following types. 



Type 2: ip^"^ = 6p^ and p = 3 mod 4. 

Type 3: There is an imaginary quadratic field L satisfying the following two 
conditions. 

(a) The Hilbert class field Hi of L is contained in k. 

(b) There is a prime pi of L lying over p such that ^p'^'^{o.) = holds 
for any fractional ideal a of k prime to p. Here 6 is any element of L such that 
Normfc/L(o) = 60l- 

Proof. By replacing K if necessary, we may assume that every prime q G 5 is 
ramified in K/k (see the condition (2) in Lemma [4.3p . 

Suppose p ^ T{k) U Ram(A;). Take any prime q G 5. Let q be the residual 
characteristic of q, and let (\k be the unique prime of K above q. Then p ^ q. 
Since g > 5, the abelian surface A ®k -^qx c>v6r K^^^^ (which corresponds to x ® 
fCq^) has good reduction after a totally ramified finite extension M(q)/fC(,^ (j9l 
Proposition 3.4 (1), p.lOl]). Then X^^^k) = \^\¥io\^) = A^^l^.^^^^^ (FrobM(q)) = 
(A|Gj(^(q) (FrobM(q)))'^^, where Frobq^^ (resp. FrobM(q)) is the arithmetic Frobenius of 
Gk at (\k (resp. the arithmetic Frobenius of GM{a,))- Here note that AIg^j^j^) (FrobAf(q)) 
is well-defined since A|g^^^^j is unramified. There is a Frobenius eigenvalue /3q on some 
QM-abehan surface by O over the prime field ¥q such that A|GAf(<,) (FrobA/(q)) = /3q 
modulo a prime of Q(/9q) above p, since q splits completely in k and q/^/q is ramified. 
Then we know /3q G J-'TZ{q) by [9l p. 97]. Choose one prime p of k. Take a prime pi of 
/c(/3q I q G 5) above p. Let p2 be the prime of Q(/3q | q G 5) below pi. Replacing each /3q 
by its complex conjugate if necessary, we may assume AIg^^j^) (FrobM{q)) = /3q mod p2 
for any q G 5. Then A^^(qx) = (3^^ mod p2. 

Applying Lemma 15^ (2) to p, we find an element e = J2aeGa.i(k/Q) ^^'^ ^ Z[Gal(fc/Q)] 
with G {0,8,12,16,24}, which satisfies ip^'^{'yOk) = Y mod p for any 7 G fc^ 
prime to p. In particular, for any prime q G 5, we have ttq = (p^'^{ac^Ok) = (p^'^{q^'') = 
^ ]2iod pi. The second equality holds since qi^-Zq is ramified. Then 

— f3'^^^'' belongs to the prime of fc(/3q) below pi. Therefore p divides the rational 
integer NoYmk(i3^)/Q{a^ — (3'^'^^'') for any prime q G 5. 

Suppose p ^ Ni{k). Then, for any prime q G 5, we have Normfc(^^)/Q(a^— = 
0, and so = (3'^'^^^ . Choose one prime qo G S. Applying Lemma 1531 to qo, we know 
that e is of type 2 or 3. 

First assume that e is of type 2. For any prime q G iS, we have /Jq^'^* = = 
Normfc/Q(aq)^2 G {tGQ|t>0}. We also have |/3q'^''H = g^^''^ where q is the 
residual characteristic of q. Then (3'^'^^'' = g^^^^, and so /3q = (y/—q for some 24:hk-th 
root C of unity. We claim /3q = ±^y—q. In the following proof of this claim, we write 
f3 = [3q for simplicity. 

(I) Case Q(/3) ^ Q(v^). Since Q(C, V^) = Qi(3, v^), we have [Q(C, V^) : 
Q] = 4. Furthermore we consider the following three cases: (I-i) Q(C) = Q, (I-h) 
[Q(C) : Q] = 2 and (I-iii) Q(C) = Q(C, V^)- 

Case (I-i). We have ^ = =1=1 and (3 = ±y/^q. But this is impossible because 

Q(/S) 7^ Q(^)- 

Case (I-ii). We have ordC = 3,4 or 6. If ordC = 4, then /3^ = Ci-q) = q > 
and /3 G M. This is a contradiction. If ord^ = 3, then = ("^{—q) = —(^^q- In this 
case Q(/3) D Q(C), which implies Q(/3) = Q(C). Then Q(C) 3 13 = CV^, and so 
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3 ^/^. Hence Q(C, = Q(C)- This contradicts [Q(C, v^) : Q] = 4. If 

ordC = 6, then Q(C) = Q(C^) and = -Cq. In this case Q(/3) D Q(C^) = Q(C)- 
This leads to a contradiction just as in the case where ord^ = 3. 

Case (I-iii). We have Q(C) ^ Q(^— g). But the prime number q is unramified in 
Q(C) since q does not divide Qh^. This is a contradiction. 

(II) Case Q(/3) = Q(y=g)- In this case = P e Q(v^)- Then C e 

Q(a/— g) and Q(C) ^ Q(-y/— g). Furthermore we consider the following two cases: 
(Il-i) Q(C) = Q and (Il-ii) Q(C) = Q(v^). 

Case(II-i). We have ( = ±1 and (3 = ±a/^, as required. 

Case (Il-ii). Since [Q(C) : Q] = 2, we have ord^ = 3,4 or 6. This can occur only 
when q = 3. But g 7^ 3 since q does not divide 6hk. 

Therefore we conclude /3 = ±y/^. Then y9^^(Frobq) = v'^^(q) = X'^^^qx) = 
= = N(q)^^ = ^p(Frobq)^^ modp, where Frobq is the arithmetic Frobenius 
of Gfc at q. Combining this with (f^'^{'~fOk) = Normfc/Q(7)^^ mod p for any 7 G fc^ 
prime to p, we conclude ip^"^ = Q^^ . 

Next assume that e is of type 3 (for qo). In this case k contains the imaginary 
quadratic field L = Q{(3^,), and e = EaGGai(fc/L) 24a or Ea0Gai(fc/L) 24(t. Applying 
Lemma [531 to each prime q G 5, we also have k D Q(/3q) and e = X]o-eGai(fc/Q(/3<,)) 24cr 
or Ea^Gai(fc/Q(/3,))24cT. Then Q(/3q) = L = Q(/3qo), which does not depend on q. In 
this case note that p2 is a prime of L = Q(/3q | q G 5). 

Case (A) : e = EcreGai(A:/L) 24o". For any prime q G 5, we have Normfc/i(q)^'^'^* = 
Norm,/i(«q)240i = a^OL = I^^'^'Ol = ^OlY^^'- as ideals of O^. Then Normfc/L(q) 
P(\Ol, which is a principal ideal. Hence Normfc/2.(^fc) ^ where is the prin- 
cipal ideal group of L. Therefore we get k D Hi. For any prime q G 5, we have 
V9^^(q) = X^'^iy^x) = /3q^modp2- We have also seen Normfc/2.(q) = /SqC'L- Since 
/c = /c(/3q I q G 5), we have p = pi, which divides p2. For any 7 G fc^ prime to p, 
we have ^9^^(7(9^) = Normfc/L(7)^^ mod p2. Then we get v^^^(a) = 5^"^ mod p2 for 
any fractional ideal a of A; prime to p, where 5 G L is a certain element such that 
Normfc/L(a) = 50l. But the power 5"^^ is uniquely determined by a since 5 is unique 
up to multiplication by an element of and '^O^ = 2,4 or 6. Then we have done 
by taking p^ = p2. 

Case (B) : £ = E.^Gai(fe/L) 24a. We have Normfc/Q(q)24'^'^Normfc/i(q)-24'^'= = 
Norm,/Q(aq)24Norm,/i(aq)-240^ = a^OL = ^'f^^^O^ = %Ol?^^^ as ideals of 
Ol- Then Normfc/Q(q)Normfc/^(q)~^ = /SqCi. Applying the non-trivial element c 
of Gal(L/Q) we get Normfc/i(q) = /SqC^, which is a principal ideal. We also have 
V9^^(q) = A^^(qif) = /Sq"^ mod p2. Then (/^^^(q) = (/3q)^^ mod P2. For any 7 G A;^ prime 
top, we have ip^'^ijOk) = Normfc/Q(7)^^Normfc/2.(7)~^^ mod p2 = Normfc/i(7)^'^ mod 
p2. Then we get v'^^(a) = mod pg for any fractional ideal a of prime to p, where 
5 G L is a certain element (and so any element) such that Normfc/j^(a) = 60l- We 
have done by taking pL = p2- 

□ 

Remark 5.7. In Lemma (5.51 and Theorem 15.61 we mimic the notations "Type 2", 
"Type 3" in [121 Lemma 2 and Theorem 1, p. 333]. We have no need to deal with 
"Type 1" since every QM-abelian surface has potentially good reduction everywhere 
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(or a Shimura curve has no cusps). 

Remark 5.8. In Type 3 of Theorem l5.6[ the element 6 always exists since Normfc/i(I5fc) C 

Let N'2{k) be the set of prime numbers / satisfying the following two conditions. 

(i) The number — / is a discriminant of some quadratic field. 

(ii) For any prime number q satisfying 3 < g < |, if 5' splits completely in k then 
q does not split in Q(-\/— I). 

Theorem 5.9 ([HI Theorem A, p. 160]). If k is a quadratic field, then the setM2{k) 
is finite. Further the upper hound of Af2{k) is effectively estimated except at most 
one prime number. 

From now to the end of this section, assume that k is Galois over Q. 

Proposition 5.10. Suppose p > 11, p ^ 13 and p ^ N'i{k). If ip is of type 2, then 
p e M2{k). 

We give two lemmas to show Proposition 15.101 

Lemma 5.11. Suppose p > 11, p ^ 13 andp ^ N'i{k). Further assume the following 
two conditions. 

(a) Every prime p of k above p is inert in K/k. 

(b) Every prime (\ & S is ramified in K/k. 
If if is of type 2, then we have the following. 

(1) x'^ = el. 

p+i 

(2) There is a character ip : Gk — > such that tp^ = 1 and X = ipOp"^ . 

Proof. (1) It suffices to show that the following two conditions hold. 

(i) The character X^'^9~^ : G;^ — )■ is unramified everywhere. 

(ii) The map CIk — > Fp induced from X^'^O^'^ is trivial, where CIk is the ideal 
class group of K. 

We know that A^^ is unramified outside p by Lemma 15.11 Then X^'^9~^ is also 
unramified outside p. Take a prime V of K above p. We show that X^'^9~^\i^ is 
trivial. Put p := V C] Ok- By Lemma [53] (1), we have A^^l/^ = 9p for an element 
a G {0, 4, 6, 8, 12}. Since V/p is inert, we have the following commutative diagram: 

('\12| )a,b 

id 

oi^ > f;, 

^ Norm,, ,„ mod p 

where the left and middle vertical maps are the reciprocity maps of local class field 
theory, tr is the natural map induced from the transfer map G^^ — )■ G'^k-p 
(A^^Ig^^^)^*^ is the natural map induced from A^^Ig^^- For any x G C^^, we have 
V9^2(a;) = Normxp/Qp(a;)"'' = (Norm^p/Q^ o l^^oimKp/k.ix))'" = Normfep/Qp(x)~2'' = 



dpixY"" mod p. Since ip^"^ = 6*^^, we have 9^~'^'^{x) = 1 mod p for any x G O^^. As p 
is unramified in A;, we know 0p{O^ ) = . Then 2a = 12 mod p — 1. Since p > 11 
and p 7^ 13, we have a = 6. Hence X^^\ij, = 9p, and so \^'^9p^\i^ is trivial Then (i) 
has been shown. 

Next we show (ii). Take any prime q G 5. Let q be the residual characteristic 
of q, and let qx be the unique prime of K above q. In the proof of Theorem 15.61 
we have seen X^'^^qx) = mod p where /3 = ±^/^ in the case of type 2. Then 
A^^(qK) = q^ = (^p{^K) modp, and therefore X^^6~^ is trivial on CIk- 

(2) Put V = A^;"^. Then i^^^ = A^^^p^^^^^^ = A^^^-^ _ ^ gj^^g jg ^ 

cyclic group of order p — 1 and p — 1 = 2 mod 4, we have ip^ = 1. 

□ 

Lemma 5.12. Suppose p > 11, p ^ 13 and p ^ Mi{k). Assume that Lp is of type 2. 
Let q < ^ be a prime number which splits completely in k. Then we have = — 1. 

Proof. Assume otherwise i.e. = 1. This combined with p = 3 mod 4 implies 

q^ = 1 mod p. In fact, since {q^Y — ^^'^ = ^ mod p, we have q^ = ±1 mod p. 
If q^ = —1 mod p, then {q^Y = q^ = —q mod p. In this case (^-y^ = 1 aiid 

= (^'^^ ~ ^ contradiction. Therefore q^ = 1 mod p. 

Take a prime q^ of K above q. By replacing K if necessary, we may assume the 
conditions (a), (b) in Lemma [5 . 1 1 1 and that qx is ramified in K/k. The abelian va- 
riety A -^qK good reduction after a totally ramified finite extension M/ i^q^ . 
Then A(FrobM) = (3 modulo a prime po of Q(/3) above p for a Frobenius eigenvalue 
P of some QM-abelian surface over the prime field F^, where FrobAf is the arith- 
metic Frobenius of Gm Gk^^^)- We also have A~^6'p(FrobA/) = (3 mod po, where 

/3 is the complex conjugate of /3. Then by Lemma 15.111 (2), we have + /3 = 

P+l — p+3 p+l 

V''(FrobM)^p' (FrobM) + V^-'(FrobM)^P ' (FrobM) = Op' (FrobAf)(V^2(FrobA/) + 
^/^"^(FrobAf)) = g~(-?/'^(FrobA/) + ^/'"^(FrobA.f )) mod p. Since ip^ = 1, we have 
'0^(FrobA/) +'?/'~^(FrobAf) = —1 or 2. Since q^ = 1 modp, we have q^ = q mod p. 
Then + /3 = —q or 2q mod p, and so (/3 + = g or 4g mod p. 

Since /3 G T7l{q), we have |/3 + ^| < 2^. Since g < |, we have + - q\ < 
3q < p and -|- — 4g| < Aq < p. Then (/3 + = g or 4g modp implies 
(/3 + = g or 4g. Since /3 -|- /9 G Z, we have a contradiction. Therefore we conclude 

= -1. 

□ 



(Proof of Proposition IS.lOp 

Assume that ip is of type 2. In this case p = 3 mod 4, and so —p is the dis- 



criminant of Q{\^—p)- For any g < | that splits in k, we have seen ^ 
Lemma EI2 If g ^ 2, this implies (f ) = (f ) (f) = (f ) (j) (-1 



—1 in 
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set M2{k). 



— 1, and so q is inert in Q(a/^). Then p belongs to the 

□ 



6 Classification of characters (II) 

Let /c be a number field, and let (A, i) be a QM-abelian surface by O over k. For 
a prime number p not dividing d, assume that the representation p^^ in (12 .ip is 
reducible. Then there is a 1-dimensional sub-representation of 'p^p] let be its 
associated character. In this case notice that there is a left (9-submodule V of y4[p](fc) 
with Fp-dimension 2 on which Gk acts by z/, and so the triple {A, i, V) determines 
a point of MQ{p)[k). We can classify v by the same method as in the last section. 
Below we give the statements of lemmas, a theorem and a proposition, but omit the 
proofs since they are almost the same as (or simpler than) in the last section. 

Lemma 6.1. The character v^"^ is unramified at every prime of k not dividing p. 

Lemma 6.2. (1) Let p be a prime of k lying over p. Assume p > 5 and that p is 
unramified in k/Q. Then z/^^l/^ = 6^ for an element b G {0,4,6,8, 12}. Further we 
can take b G {0, 6, 12} (resp. b G {0, 4, 8, 12} ) if p ^ 2 mod 3 (resp. p ^ 3 mod 4). 

(2) Assume that k is Galois over Q. Suppose p > 5 and that p is unramified in 
k. Take a prime p of k lying over p. Then there exists an element 

e' = a'^a G Z[Gal(fc/Q)] 

creGal{fc/Q) 

with a'^ G {0, 4, 6, 8, 12} satisfying the following three conditions, 
(i) v^'^{aOk) = mod p for each element a (z k^ prime to p. 
(a) For (J, a' G Gal(A;/Q), we have = a'^, if p" = p'^'. 

(Hi) If p ^ 2 mod 3 (resp. p ^ 3mod4j, then a'^ G {0,6,12} (resp. a'^ G 
{0, 4, 8, 12}) for any a G Gal(fc/Q) . 

Lemma 6.3. Under the situation in Lemma l67B (2), take a prime number q different 
from p. Assume that q splits completely in k, and take a prime (] of k lying over q. 
Let a & Ok\ {0} be an element such that q^'' = aO^. If o.'^ = f3^^^'' for an element 
(3 G J-'TZ{q), then e' is of one of the following types. 
Type 2: e' = 6a and p = 3 mod 4. 

(TeGal(fc/Q) 

Type 3: k contains Q(/3), and e' = 12cr or 12cr. 

<TeGal{fc/Q(/3)) (T0Gal(fc/Q{/3)) 

Define the finite sets Ai'i{k) : = 

(q, 4, q G 5, 4 = ^ a> with a'^ G {0, 4, 6, 8, 12}, /3, G -F7^(N(q)) 

creGal(fc/Q) 
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Mm := { Norm,(^,)/Q(«? - ^1'^^) G Z | (q,£[„/3,) G A^^fc) } \ {0}, 

J^oik) := {I : prime number | / divides some integer m G A^2(A;) }, 
Afilk) := Mm U T{k) U Ram(A;). 

Theorem 6.4. Assume that k is Galois over Q. If p ^ M'[{k) (and if p does not 
divide d), then the character v : Gk — > is of one of the following types. 
Type 2: v^"^ = 9^ and p = 3 mod 4. 

Type 3: There is an imaginary quadratic field L satisfying the following two 
conditions. 

(a) The Hilbert class field of L is contained in k. 

(b) There is a prime pL of L lying over p such that i^^'^{a) = mod holds 
for any fractional ideal a of k prime to p. Here 6 is any element of L such that 
Normfc/i(a) = 50l. 

From now to Lemma [6.71 assume that k is Galois over Q. 

Proposition 6.5. Suppose p ^ 7 and p ^ N'[{k). If v is of type 2, then p G M^ik:)- 

Proposition 16.51 fohows from the following two lemmas. 

Lemma 6.6. Suppose p ^ 1 and p ^ Af[{k). If v is of type 2, then there is a 
character ip' : Gk — > ¥^ such that ip'^ = 1 and v = ip'Op'^ . 



Lemma 6.7. Suppose p ^1 and p ^ N'[{k). Assume that v is of type 2. Let q <\ 
be a prime number which splits completely in k. Then we have = —1. 

(Proof of Theorem II. 3p 

Let be a quadratic field which is not an imaginary quadratic field of class 
number one, and let p be a prime number not dividing d. Take a point x G MQ{p){k). 

(1) Suppose B^Qk = M2(fc). 

(1-i) Assume Aut(x) ^ {=tl} or Aut(x') ^ Z/4Z. Then x is represented by 
a triple {A,i,V) defined over k by Proposition 14.21 (1), and we have a character 
u : Gk — > Fp as in (2.2). Assume p ^ M[{k). Then the character v is of type 2 or 
type 3 in Theorem 16.41 But type 3 is impossible since is a quadratic field which is 
not an imaginary quadratic field of class number one. Therefore v is of type 2, and 
so p G N'2{k) U {7} by Proposition 16.51 

(1-ii) Assume otherwise (i.e. Aut(a;) = {±1} and Aut(a;') = Z/4Z). Then x is 
represented by a triple (y4,i,\^) defined over a quadratic extension of k by Propo- 
sition H^l (2), and we have a character ip : Gfc — )■ F^ as in f l5.ip . By Theorem 15.61 
and Proposition I5.10[ we have p G Mi{k) U M2{k) U {5, 7, 13}. 

(2) Suppose B ®Q k ^ M2(/c). Further assume that x is not an elliptic point of 
order 2 or 3; this implies Aut(x) = {±1}. By the same argument as in (1-ii), we 
have p G Ui{k) U U2{k) U {5, 7, 13}. 

□ 
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7 Examples of points on Shimura curves of genus 
zero 

The genus of the Shimura curve is zero if and only if ci G {6, 10, 22} ([1], Lemma 
3.1, p. 168]). The defining equations of such M^'s are the following by [T0| Theorem 
1-1, p.279]. 

d = 6 : x2 + t/2 + 3 = o, 
d=10 : + + 2 = 0, 
d = 22 : x2 + + 11 = 0. 

In these cases, for a number field k the condition M^{k) ^ implies ®q k = P^, 
and so \\M^{k) = oo. 

Proposition 7.1. Let k be a quadratic field and let d = 6 (resp. 10, resp. 22). 

(1) We have M^{k) ^ if and only if k is imaginary and 3 (resp. 2, resp. 11) 
does not split in k. 

(2) We have B (8>q k = M2(A;) if and only if neither 2 nor 3 (resp. neither 2 nor 
5, resp. neither 2 nor 11 ) splits in k. 

Proof (1) Obviously M^(M) = in these cases. Let p be a prime number. For d = 6 
(resp. 10, resp. 22), we have M^{Qp) = if and only if p = 3 (resp. 2, resp. 11). For 
any quadratic extension L of Qp, we have M^{L) 7^ in these cases. Then we have 
done by Hasse principle. 

(2) See the proof of Lemma [4. 3[ 

□ 

Concerning points over imaginary quadratic fields on of genus zero, we have 
the following examples. 
(Case d = 6). 

• For A; e {Q{^/^) , Q{^/^) , Q{y/^)} , we have hk ^ 1, B 0q k = M2{k) 
and M^{k) ^ ^. 

• For A; e {0(7^), 0(7^)}, we have hk ^ 1, B^^k ^ M2(A;) and M^{k) ^ 

0. 

(Case rf= 10). 

• For e {Q(v/^), Q(v^^), Q(v^^), Q(v/^)}, we have hk ^ 1, B^^k ^ 
M2{k) and M^{k) ^ ^. 

• For /e G {Q(v^), Q(^^), Q(^^)}, we have hk ^ 1, B <^^k ^ M2{k) 
and M^{k) ^ 0. 

(Case d = 22). 

• For A; G {Q(v^), Q(v^^), 0(7^)}, we have hk ^ 1, B ®Qk ^ M2{k) 
and M^{k) 0. 

• For A; G {Q(v/^), Q(\/^), 0(7^), Q(v^)}, we have hk ^ 1, B^^k ^ 
M2(A;) and M^{k) ^ 0. 
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8 Consequence to Galois images 



Theorem 8.1. Let k be an imaginary quadratic field with hk > 2. Then for any 
QM-abelian surface {A, i) by O over k and for any prime number p not dividing d 
with p ^ M[{k) U M2{k) U {7}, the representation 

p^,p : GL2(Fp) 

is irreducible. 

Proof. Suppose p \ d and that p^^ is reducible. Then there is a 1-dimensional 
sub-representation of p^^; let v : — )■ be its associated character. Then by 
repeating exactly the same argument as in (1-i) in the proof of Theorem 11.31 at the 
end of gni we conclude p e M[{k) U J\f2{k) U {7}. 

□ 

9 Application to a finiteness conjecture on abelian 
varieties 

For a number field k and a prime number p, let kp denote the maximal pro-p exten- 
sion of A;(/ip) in Q which is unramified away from p, where fXp is the group of p-th 
roots of unity in Q. For a number field /c, an integer (7 > and a prime number p, 
let £/{k,g,p) denote the set of fc-isomorphism classes [A] of abelian varieties A over 
k, of dimension g, which satisfy 

kiA[p^])Ckp, 

where is the field generated over k by the p-power torsion of A. We know 

that s^{k,g,p) is a finite set ([8^, Satz 6, p. 363]). For fixed k and g, define the set 

^{k,g) ■.= {{[A],p)\[A]es^{k,g,p)}. 

We have the following finiteness conjecture on abelian varieties. 

Conjecture 9.1 ([HI Conjecture 1, p. 1224]). Let k be a number field, and let g > 
be an integer. Then the set s^{k,g) is finite. 

As an application of Theorem II. H the following is known. 

Theorem 9.2 ([161 Theorem 2, p.l224 and Theorem 4, p.l227]). Let k be Q or a 
quadratic field which is not an imaginary quadratic field of class number one. Then 
the set £/{k, 1) is finite. 

Here we study the case where g = 2. For an indefinite quaternion division algebra 
B over Q, let j^{k,2,p)B be the subset of ^{k,2,p) consisting of abelian varieties 
A over k whose endomorphism algebra Endk{A) contains a maximal order O of B 
subring. Define also the set 

s^{k,2)B ■.= {{[A],p) I [A]e^{k,2,p)B}, 



01 



which is a subset of s^{k,2). If one of the following two conditions is satisfied, we 
know that the set £/{k,2)B is empty ([211 Theorem 0, p. 136] and [9l Theorem (1.1), 
p.93]). 

(i) k has a real place. 

(ii) B(g)Qk^ M2ik). 

As an application of Theorem 18. H we have the following. 

Theorem 9.3. Let k be an imaginary quadratic field with hk > 2. Then the set 
£/ {k, 2)b is finite. 

Proof. Let ([A],p) be an element of £/{k,2)B with p | disci?. Then the Galois 

representation p^^ is conjugate to the form I ^ j where 6p : Gk — > is 

the mod p cyclotomic character (cf. fl6{ (6), p. 1226]). Note that Lemma 3 in [IQl 
p. 1225] holds if x is injective. We know that there are only finitely many such prime 
numbers p by Theorem 18.11 Since each set s2/{k,2,p)B is finite, the set £/{k,2)B is 
also finite. 

□ 

Let QA4 be the set of isomorphism classes of indefinite quaternion division al- 
gebras over Q. Define the set 

.^ik,2)QM:= U ^ik,2)B, 

BeQM 

which is a subset of s2/{k,2). As a corollary of Theorem 19.31 we know the following. 

Corollary 9.4. Let k be an imaginary quadratic field with hk > 2. Then the set 
^{k,2)QM is finite. 

Proof. Let ([y4],p) be an element of ^{k,2)QM- Then there is an indefinite quater- 
nion division algebra B over Q such that Endfc(A) contains a maximal order O of 
-B as a subring. If we let z : (9 Endfc(y4) be the inclusion, the pair {A,i) is a 
QM-abelian surface by O over k and it determines a point of M^{k). In this case 
we have B ®q k = M2{k) by [9i Theorem (1.1), p.93]. Further we find that there are 
only finitely many such i?'s by P, Theorem 6.6, p. 111]. 

□ 

Remark 9.5. Conjecture 19.11 is solved for any K and g when restricted to semi- 
stable abelian varieties ([HI Corollary 4.5, p. 2392]) or abelian varieties with abelian 
Galois representations ([111 Theorem 1.2]). 
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